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It is true that each measurement was a very complicated proc- 
ess beginning at the first session of the class at the opening of 
the semester, and continuing until the term examination was 
given at the end of the semester. It is also true that the process 
varied very greatly in different cases. For example, in some 
cases, the students whose progress was measured were seniors, 
and in others they were freshmen. Also, for example, in some 
cases the subject-matter of a technical laboratory course in elec 
trical engineering was used in the measuring process; while in 
other cases, the subject-matter of a course in business law was 
used. 

Nevertheless I believe we may assume that these 22,912 
measurements were distributed according to the familiar normal 


probability curve as expressed by the equation 


o being the standard deviation for the whole set of measure- 
ments, + being the value of an individual measurement, and y 
the corresponding frequency of that particular measurement. 

An essential condition for the application of the theory of 
probability to any set of statistics is that there shall be operating 
“numerous independent causes.” Surely that is the case here. 

Moreover, each group of students taken together in one ap- 
plication of the measuring process is approximately homogeneous 
in its stage of educational progress; that is, each section or class 
brought together for instruction is approximately homogeneous, 
at least in comparison with the crowd that gathers on the street 
when the fire bell rings, for example. Also the subject-matter 
and methods of presentation are adjusted to the stage of edu- 
cational progress attained by the group. 

Furthermore, speaking generally, we know of no cause that 
would tend to skew the distribution of the measurements in one 
of these instruction groups from the normal distribution. It is 
possible, however, that the standard deviation would vary with 
different groups, whereas, the assumption that the normal law 
of errors holds for the distribution of the whole set of 22,912 
measurements implies the assumption that the standard deviation 
is the same for all of the instruction groups. 
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Therefore the results obtained from the use of the probability 
curve in such a case must be considered as very rough approx- 
imations. Nevertheless, I believe the considerations just given 
justify its use. The results are only slightly less reliable than 
are the grades themselves, and every college professor feels that 
much reliance can be placed on the grades he gives, and deans 
and executive committees feel sufficient reliance upon them to 
justify their dropping students from college, thus stopping their 
: 1 


educational career along one line at least. 


The area under the frequency curve will then represent the 


22,912 grades. A table like that on page 219 in Thorndike’s 
‘Introduction to the Theory of Mental and Social Measure- 
ments ’’ shows that the ordinates corresponding to + — 1.83 a, 


[.15¢, 0.01 a, and 1.060 will divide the area into portions 
corresponding respectively to the percentages of F’s, N’s, P’s, 
G’s and D’s. 

\lso the ordinates corresponding to x wo 2.126, ~~ L.A G; 

0.49 «, 0.47 0 and 1.4660 will divide the areas for the F’s, N’s, 
l’’s, G’s and D’s into equal parts respectively. 

By taking a new origin 3¢ to the left, a new unit equal to one 
tenth of « and dropping the right-hand figure so as to be within 


1 


the limits of accuracy of our data, we have the following as 


average values of the grades: F—-9, N 6, P= 26, Go 35 
and D= 45. 


This computation was carried out to obtain the best values of 
the grades to use in ranking the undergraduate students, either 
all together or by groups. I applied these results first to th 
group of freshmen who entered directly from their secondary 
schools ; that is, with less than a year of time between the com- 
pletion of their school work and the beginning of their univer- 
sity work. There were 680 such freshmen. 


In determining the values of the grades I decided to use the 


percentages of grades assigned to the whole undergraduate stu- 
dent body, rather than the percentages assigned to any smaller 
group. The corresponding percentages assigned to the group 
of freshmen just mentioned were as follows: 
Lf ery rr mere errr se errr 12 
IE a6) sn’ din ai na-d ai eek ccs a Ke We laa eee ee 34 
P’s ee ree Ty eer ert Te ee ee CT ee 39 
SO SCOECEROKECREEHMOEDKOC OC RSEKRKO SD OHOKESMCCASECOOSOOR CCE IO 
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If these percentages had been used to determine the values of 
the grades and if the origin had been properly chosen, we would 
have had the same average values for the grades. I believe now 
that it would have been better to have used only the grades of 
the freshmen, on the assumption that the common trait whose 
measure is represented by the grades would be approximately 
the same in amount for the freshmen, but would be higher for 
upper classmen. Fortunately, as it happened, the use made of 
these results is valid whichever set of grades is considered as 
the basis for determining the values of the respective grades. 

Having these values of the grades and having the percentages 
of the different grades obtained by the individual students, we 
computed a rank number for each freshman. For example, a 
certain student’s record showed 33 per cent. G’s, 56 per cent. 
P’s and 11 per cent. N’s. His rank number was 274. The rank 
numbers would run from 90 to 450. They were computed by 
multiplying the percentages of the respective grades by the values 
of the corresponding grades, dropping the right-hand figure, and 
adding the results. 

The whole set of students was then arranged according to 
the rank numbers, and separated into three groups: first, thos« 
who were in the upper quarter of the arrangement; second, 
those in the lower quarter ; and third, those between the first two 
groups. [Fach student was then given a rank letter, U, M or L, 
according to whether he was in the upper, middle or lower group. 

It would evidently be unwise to use the rank numbers as an 
accurate determination of individual ranks, because the data 
upon which the computation is based would not justify such 
precise results. I believe, however, that the rank letters, L, M 
and U, are sufficiently reliable for many purposes. 

If now we assume that the 680 students whose ranking we 
have determined are distributed according to the normal law of 
frequency, then a table of values of the probability integral 
shows that the average values of L, M and U may be taken as 
g, 20 and 31 respectively, with a fair degree of approximation. 

Now take any group of students out of the whole set; for ex- 
ample, those who offered Latin for entrance; determine the 


percentages of those students that ranked in the L, M and U 
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groups respectively, and multiply those percentages by the corre- 
sponding values of those ranks and add the products, first drop- 
ping the right-hand figure to keep within the range of accuracy 
of the data. If the sum is more than 200 the group stands 
higher than a normal group, but if the sum is less than 200 the 
group stands lower than normal. The following tables give 


illustrations of such group standings. 


RANKING OF GROUPS OF STUDENTS WHO ENTERED THE UNIVERSITY OF 
PENNSYLVANIA IN SEPTEMBER, 1916, DIRECTLY FROM SECONDARY 
ScHoots, BASED ON GRADES ASSIGNED IN ALL SUBJECTS 


AT ENp oF First SEMESTER. 


1. Grouped According to Amount of Foreign Language Credited 


on Entrance a 








N N No.» 
\ I k = 4 Rank - \ Ra = 
‘ I Lang 
M. I M. L.| M.| 1 sit 
2 } No 41 13 79}5 units 30 41 16 8 8 i I 4 | ) 
Per cen 32 ( 35 $7 +18 I 4 j 
Pt ) 104 » 18 31 14 56181 I 99 13 36 
3 units No 2 48 14 87]6 units 27+.64 46137] 9 units 2 5 8 15 
Per cen 290 5 ¢ 20 47, 33 I3 3 
Pt 6 11 1 8¢ 18 | 94102 214 I2) 681 244 
{ units No 12 82 26 1150/7 units 13 58 43 114]1I1I units I 2 
Per cent. 28 Si 38 
P I 53 188 10 102 118 230 2¢e 
2. Grouped A rding to the Number of Foreign Languages 


Per cent 23 49 28 
Pt 2! ) 5 é 
3 ) Ss 1s Ss 14 
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3. Grouped According to the Language Credited on Entrance. 





N with Rank = No. with Rank - 
= Language = 
l M I ~ I M | - 
Latir Ni 110 38 130) 478| German 122/232 227 463 
Per cent 23 50 7 5 18 ] 
Pt 21 100 84 5 23 » S84 203 
Greek No I 20 18 39, Spanish I 7 * 13 
Per cent 3 51 | 8 } 35 
Pt 3 102 143 | 248 7 8 118 33 
No }I 8 144/171 | Nol n 1¢ $1 
Per ent 24 sO 2 | 7 2 
I 22 100 81 3 } 62 190 


The first number in the column headed “ Total” gives the 
number of students entering with the corresponding offering in 
Foreign Language as given in the left-hand column. 

Che second number in the “ Total” column gives the stan 
of the group. The larger the number the higher the standing. 
The lowest possible standing would be 90 and the highest 310. 

UNIVERSITY OF PENNSYLVANIA, 


PHILADELPHIA, Pa. 














THE PLACE OF ARITHMETIC IN THE HIGH- 
SCHOOL CURRICULUM. 


By WILLIAM WIENER 


comparative study of methods of school administration and 
plans upon which the writer has for some time been engaged has 
he impression that courses of study in high schools smack 

» much of similarity lhe good school becomes the object of 
imitation for other institutions and thus there are frequently 


lmougNntle ssly repeat d the foibles and weaknesses of strong 


leaders [his similarity is very apparent in the syllabi and 
courses of study in mathematics in the high schools. Such a 
condition has been brought about because it is less burdensome, 
following the line of least resistance, to copy study-courses, and 
to have the high schools patterned the one after the other, than 
riginal and thoughtful as to the social function of the 
high school \rithmetic has not been in fashion for high 
schools, and it has been tabooed as a high-school subject, the 


thought being that arithmetic or the teaching of arithmetic is 


beneath the dignity of the high-school instructor. Pupils have 


this feeling of indifference towards arith- 


7 
| 
i 


unwittingly acquire 


metic and its processes, because of the teachers’ attitude toward 
the subject. Despite the fact that a working knowledge of arith- 
1 7 


metic has been considered out of fashion by teachers and pupils, 


boys and girls of the adolescent age, with their appreciation of 


real values, can be induced to have an extremely high regard for 
this subject because it functions into their own lives and also 
functions into world activities and relations. The high-school 


period is the one in which the boy and girl is ever ready to work 


g 
at arithmetical problems, feeling that experience in their solu- 
tion and handling affords a reserve force and power for future 
advance and effort. Therefore the high-school youth are easily 
brought, when once the importance of the subject has been 
demonstrated, to look upon arithmetic as a most necessary part 
of the high-school career. The adolescent period, the period of 


175 
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early educational life of the child, is a time of value apprecia- 
tions. Is it not a fact that the emphasis placed upon the ex- 
ploitation of the three R’s is a naturally intuitive one? Reading 
must of necessity have been the first means of obtaining quiet 
thought transference, through records. Writing is the next 
method of gaining thought transference by making records. A 


the 


knowledge of arithmetic, on the other hand, brings about 
summation of ideals and experiences. For life is full of arith 
metical situations and problems which the simple processes of 
arithmetic help to clarify. The schopl must prepare for the life 
to be lived. If the school through its teachings fails to make 
that life efficient and comfortable for the individual by develop- 
ing and training along those lines which make possible the great- 
est rounded efficiency, the school does not perform its full social 
duty. A knowledge of arithmetical processes and their applica- 
tions is the daily need of the individual members of society. 
Existence of course may continue without this knowledge, but 
individual social efficiency is to a great extent diminished when 
this arithmetical information and experience has been neglected. 

It is almost unnecessary to mention the fact that in our daily 
walks of life systematic applications of the principles of arith- 
metic do necessarily produce habits of thrift and value-appre- 
ciations, an essential characteristic of American life, a charac- 
teristic necessary for the successful continuance of any nation. 
Naturally the impressionable period of adolescence is that dur- 
ing which the importance of this branch of knowledge can be 
most firmly established. No pupil can afford to be without 
training in arithmetical processes and analyses. It matters not 
whether the pupil intends going to college, or into business, or 
into the home. Arithmetical training is fundamentally and ab- 
solutely a necessary factor in a rounded training. It provides 
the tools for use in higher mathematical work by training for 
accuracy and complete conceptions of number processes, com- 
binations and problems. 

Unless the accuracy habit is fixed early in the child mind, the 
success of the child with mathematical subjects is ofttimes made 
impossible. Proper training in arithmetic therefore stresses the 
fundamental processes of mathematics as well as the reasoning 


powers of the child and thus furnishes mental attitudes and apti- 
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tudes, which insure a great likelihood of success in dealing with 
higher or advanced mathematical subjects. It need not be men- 
tioned to you who till and toil in the mathematical field that you 
will reap the greatest harvest of mathematical successes when- 
ever the mathematical soil of youth furnished you has had the 
itage of previous treatment with regenerating and fer 
tilizing mathematical experiences. It has been noted in our own 


school that where arithmetic has formed the basis of the mathe- 
matical superstructure of the students’ course of study, failures 


in algebra, geometry and higher and applied mathematics are 


I 
reduced to an absolute minimum. Our records d 


Let us note further what the world requires. It demands not 


ge of correct methods but insists upon an ability 


to handle figures and arithmetical knowledge with precision and 


accuracy. The old notion of crediting the pupil with a 


pprox- 
imate or inaccurate results, as practised in the elementary grades, 


dos > not 


appeal to the business world, which has no idea of per- 
mitting inaccurate answers. This practise destroys the appre- 
ciation of the value and need for arithmetical accuracy in re- 
sults. Here is originated the vicious and demoralizing mental 
habit that disregards the advantage of accurate work, in spite of 
the social and commercial demand for it. The high school is 

1 


the place where this false impression, that inaccurate results are 
of value, must be destroyed. I can see no reason for the con- 
tinuance of the practise even in the grades. Accuracy and pre- 
cision with simple processes are absolutely required by business 


1 
} 
i 


interests. Can a business house credit or even tolerate inac- 
ts, and continue in operation? What would become 
of any firm that permitted such ridiculous practises? Check 
systems of different kinds, to insure efficiency in business af- 
constantly devised by accountants and auditors. 


The habit of accuracy is therefore a business ideal and a val- 


In the elementary schools arithmetic is taught by teachers 
who deal with various parts of the subject, as directed in the 
syllabi of the school. The pupil is therefore taught arithmetic 
by divisions of the subject and made to feel that each division 


is a separate, independent and new topic. That this is the ex- 
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perience of boys and girls we can recall in our own time as well 
as observe at the present time. To be specific, long division is of 
a different genus from short division, entirely unrelated the one 
to the other, or to any other arithmetical subject. It remains 
for the high school to show the unity of arithmetical processes 
1iought, by co-ordinating and correlating these desultory 
elementary-school experiences with individual arithmetical 
topics. It has been the experience in our high school that where 


commercial, technical or other pupils have been thoroughly 


grounded in arithmetical fundamentals, it is possible for them 
to take advanced courses in mathematics with a larger measure 


ess and understanding than is possible for pupils who 


have not had such arithmetical preparation. The percentages of 
promotion of the arithmetically prepared pupils in algebra and 
geometry and applied mathematics are far above the average of 
those who were not so prepared. It is a further interesting fact 
to note that the boys and girls who have had arithmetic in the 


ee ; ' : 
high schools and later entered colleges have stood the acid test 


of criticism and experience with college mathematics more 


creditably than have those who had not had arithmetic in the 
high school. 

Arithmetic must be considered a vital and fundamental part 
of the high-school curriculum, despite the very general conten 


tion that it 7s taught in the elementary schools. Pupils and teacl 


1 
ers must be made to feel that the public demand for arithmetic 


is based on social necessity. The high school therefore must 
ick this subject with thoroughness and interest, impressing 


upon all the importance of the accuracy and precision habit, as 
of the educational factors bound to insure the success of the 


lividual at college, in business and in the home. 
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SO cal 


led commercial middle class, is likely to pass to quite an 
extent into the hands of labor and that he felt that the change 
would not be undesirable. It would result in a more economic 


} 


and productive education. It was his opinion that the new order 
would be entirely opposed to a narrow education for the reason 
that labor would not block the progress of its children. 

He felt that labor would demand from a school its money’s 
worth, and that what Dr. McFarlane has called the camouflage 
of pedagogy would no longer be in the ascendency. Women, 
having shown a great power recently in all industrial lines, would 
be educated for industry in a way that was not thought of whet 
the war began. 

In order to arrange for a type of student suited to a particu- 
lar type of school, he stated that there was considerable hope of 
help from the psychologists, although at present this movement 
was merely in its infancy. 

He then summarized the work that was being done in other 
countries in the matter of industrial education and drew the con 
clusion that for America the best grade in which to serious; 
begin this work was the tenth. 

He advocated a general reform of our mathematical work 
before the tenth grade, with the result of having all pupils know 
the useful part of algebra, the significance of intuitive geometry, 
the nature and purpose of trigonometry, and the meaning of a 
mathematical proof. He felt that after that they might safely 
be allowed to specialize in industrial and commercial lines, or in 
the type of pure mathematics now in our secondary schools. 

He called attention to the two extremes in the teaching of 
industrial mathematics, the first being that of laying a thorough 
scientific basis in pure mathematics and building the applied 
mathematics upon this foundation, and the second being the 
Perry idea of beginning at once with applied mathematics and 
taking only so much of the theory as might be necessary for ; 
practical working knowledge. 

TEACHERS COLLEGE, 

CoLuMBIA UNIVERSITY, 
New York City. 
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the most constructive criticisms that have been made 


lary-school mathematics, by a general educator, was 


State Commissioner of [¢ducation, of 


lire, when he said, ‘‘ The traditional courses in 
metry, trigonometry and advanced algebra must be 
to organization and content to meet the need of the 


and the social purpose of the high school . . . math- 


must be considered as a language to interpret science. 


st be presented to give immediate opportunity for 
ted to meet the needs of the dif 


iggestions were offered after vears of 


f 
f 
f 


of high-school teaching of mathematics, and wert 


doubt due to the following causes: change in type of pupil in 


1e industrial and commercial 


iould be recognized in secondary-school mathematics ; 
Ss Se : ; 
the formal discipline theor 


thoughtful student of education will ask why are com 


le about the subject of mathematics t 
© 7 


of study as a compulsory subject during the last cen 


rimarily for a group of pupils who had intellectual 


jility to pursue mathematics, foreign languages, history 
ience. During the last twenty years the high-school pop- 
has increased by leaps and bounds, out of proportion to 

se in population. For example, in the year 1899-1900, 

ere in the public high schools of the United States about 

» students, or ab ut .26 of on per cent of th populatiol 
1908-1909, these same public high schools had 863,000 stu 
or about one per cent. of the population. These figures 
hat within ten years the high-school population increased 

‘r cent. The high schools were once patronized by the 


the professional classes, and especially those children 


ew | 
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who intended to enter the higher schools of learning, but the 
above statistics show that this is no longer true. In the minds 
of the people the high schools are becoming more popular, and 
there is a constantly increasing disposition to send children to 
high school in order to give them two or more years of edu- 
cation. 

It is clear that the high school of to-day has children of all 
classes; those of the intellectual, the artistic and the practical 
type. 

While the children who have a special genius or talent for 
the formal or abstract studies have been able to grasp the tra- 
ditional course in mathematics, so as to pass the promotional 
tests, they have received little if any training in the application 
of mathematics to the trades and the home. They have grad- 
uated from the course in mathematics without being able to 
commercialize or apply the same to life. The other types of 
mentality have neither the interest nor the mental equipment for 
abstract mathematics, and invariably fail to meet the promotional 
tests. This accounts in some measure for the large percentage 
of failures. 

If the modern high school expects to have efficient courses, 
it must supplement and rearrange its program in mathematics 
so as to meet the interests and mental equipment of all the boys 
and girls. This means that the school must teach every kind of 
mathematics which society employs in the conduct of its affairs; 
not only to encourage the study of each, but to give to every 
variety of mind that interest and growth in mathematics which 
is necessary to power and self-confidence. In attempting to do 
this, let us not destroy or weaken the effective work that is being 
done in pure mathematics for the child of intellectual interests. 

The movement to adjust mathematics to the capacities and the 
practical needs of the pupils has already made some progress in 
the upper grades. The essentials of arithmetic are taught within 
the first six years of the elementary school. The last two years 
are devoted to a study of community business arithmetic, that 
is, a study of the application of arithmetic to simple problems. 
There is no logical reason why this movement should not ex- 
tend to the first year and possibly for some pupils to the second 


year of the high school. Some teachers may feel that vocational 
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mathematics should follow, rather than precede, the regular 
courses in algebra and geometry. The intellectual type of child 
may well take it, after the theory, if the same does not interfere 
with the preparatory work for college which is usually carried 


es ot 


on very efficiently the last two years. For the other ty] 


| 
pupils, the vocational mathematics should be given during the 
first two years, otherwise the great majority who fail to com- 
ete over two years’ work will leave school without this training. 
Modern psychology teaches us that the attitude of the mind in 
learning mathematical principles is different from that utilized 


es to situations; therefore a course in 


ving the principl 
mathematics in a high school should include an effective train- 
ing in the applications of principles in mathematics to the trades 
and industries that are common to eve ry community. The ma- 
jority of pupils will be obliged to earn their living in either the 


productive or distributing b 


‘anches of these trades 


d, What are the trades and indus- 


f 


The questio1 
tries common to every industry? For boys—wood-working, 
metal-working (including machine shop and sheet-metal work ), 
plumbing, power-plants (including steam and electrical work) 


and the building trades. Oftentimes the community may have a 


single industry, such as textiles, tanning, boot and shoe manu- 
facture and agricultur The mathematics in use in these indus 
tric hould also be taught. For girls—the true vocation of 
ll wom homemaking rained irsing, dressmaking, mil- 
linery, clerical work. et« 


4 1 7 ’ . 
Che next question that may be asked is, How can the average 


teacher prepare himself or herself to teach the mathematics un- 
derlying these trades? The experience of the writer has been 
that this may be done in a very short time. The first step is for 
the teacher to visit the trade and ike a collection of materials. 


hand-tools and illustrations of power-tools that involve math 
ematics. The teacher will soon acquire an appreciative knowl- 
edge of trade conditions and the types of problems used in each 
trade With a well-graded text-book in the subject, the teacher 
be equipped to handle a class. 

The first part of every new subject should be devoted to a 
discussion of the subject-matter. Find out what the pupils 


already know, and then show the value of more knowledge on 
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the subject. As far as possible the teacher should present the 
subject objectively, laying great emphasis on practical proofs 


1 


(demonstrations) of mathematical principles. For example, in 


teaching the relation between the diameter of a pulley and the 
distance around it, ask a pupil to draw a chalk-line on the floor 
and then mark the face of the pulley at the beginning of the 
chalk-line. Then roll the pulley along the chalk-line for one 
complete revolution. The diameter of the pulley is the longest 
distance across the pulley. Dividing the distance around the 
pulley by the diameter will give the ratio of the diameter to the 
circumference—the constant 7. 

The keynote of to-day is thrift or conservation. The habit 


of thrift can be cultivated to a great degree through proper cor- 
relation of the home and school. The problems of the home 
may be made the basis of practical mathematics in school. 
Problems in homemaking should include distribution of income, 


based not only upon the problems of the text-book, but on the 
data obtained by members of the class. Each girl should keep 


to criticize the disbursements expressed in per cent. of the in 
come in it. It should be balanced monthly and the pupil made 
to criticize the disbursement expressed in per cent. of the in- 
come. Constructive comments may be made by the teacher and 
other pupils, showing where improvements may be made. When 
mathematics of the home are well taught by an interesting 
teacher, it not only helps to introduce into the homes that m« 
ical spirit which regulates expenses by receipts, and makes 
the product of thrift fruitful, which we need so much to-day, 
but develops an interest in the field of mathematics and shows 

iat the study of this subject is worth while. Similar problems 
should be presented dealing with the vocational activities of 
women. Remember that all problems in vocational mathematics 
should be made to arise in a vital and natural way, so that the 
pupil will recognize the need for the training in the principles of 
mathematics which the teacher requires. 

Navy YARD, 

BROOKLYN, N. Y. 











IS TH PRESENT ENTRANCE REQUIREMENT IN 
\LGE BRA EXCESSIVE IN AMOUNT? DOES IT 
EXPECT TOO GREAT MATURITY OF 
THE STUDENT? 


| ELIZABETH | st JOHN 


le present algebra requirement has increased very 
in actuality if not in the actual words in which it is 
during the last fifteen years, I think is unquestionably 


ym this increase, a very marked increase, an increase 


xpected of our students—from this increase I think there comes 
very great temptation to the secondary schools to shave the re 
1 


dents out \nd then in the last year when the students 
finishing the requirement, we face the question, “Is it not per- 
haps altogether excessive? Doesn’t it assume a maturity that 
our students have not?” My answer to that question sounds 
paradoxical when it is stated, and yet I very firmly believe it is 
ru My answer is something like this: If the algebra require- 
eges is interpreted grudgingly, if a school in 
planning its course holds itself down to the requirement reduced 

vest terms, the course will be narrow and barren, breathless, 
of too great pressure; whereas, if the requirement is inter- 
if the course gives not merely what is re- 


1 4 “ 
hen the course 


quired, but a good deal more than is required, t 
will prove to be not too taxing. 

For consideration to-day, I wish to speak only of the require- 
ment as defined by Bryn Mawr College, and as defined by the 
College Entrance Examination Board, because those two re- 
quirements taken together seem rather thoroughly to cover the 
field and because they are the requirements with which I am 
most familiar. 

Those requirements both include elementary operations, frac- 
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tions, factoring, radicals, exponents—integral, fractional, pos- 
itive, negative—quadratics, problems, ratio and proportion, arith- 
metic and geometric progressions, the binominal theorem for 
positive integral exponents. The College Entrance Board re- 
quires, in addition, familiarity with the use of graphical meth- 
ods and illustrations, and ability to solve problems chosen from 
mensuration, physical formulas, and the like. Bryn Mawr Col- 
lege does not require these, but does require ability to give 
rigorous mathematical proofs of certain pieces of algebraic 
theory—the remainder theorem, the factor theorem, for ex- 
ample—the proof of the binomial .theorem, the proof that the 
quadratic equation has two and only two roots; proof connected 
with the theory of quadratics, proofs of the meaning of the frac- 
tional and negative exponents, the derivation of the formulas 
used in the progressions—twenty or more of such proofs, and 


all pretty difficult for the average student. 


Any mathematician reading those requirements in the light of 
the papers set by Bryn Mawr College, and by the College En- 
trance Examination Board, will feel, I think, that, where they 


diverge, the Bryn Mawr requirement has the forward look to 
pure mathematics, and the College Board requirement has the 
forward look to applied mathematics. Now, my conviction, very 
steadily deepening from year to year, is that a mathematics 
course which simultaneously meets both these requirements is 
an almost ideal course, and that it is not too heavy nor expecting 


too great maturity if certain rather definite conditions can be 


established in the course. I sum up these conditions somewhat 
in this way: 
In the first place, the mathematics course of the school must 


be planned as a whole, and from the first grade through the 
twelfth, by mathematicians. 

In the second place, the course should include certain items, 
although, so far as I know, no college requirement specifically 
mentions them, or refers to them. In the lower grades, before 
the secondary school, the course should include geometric ap- 
plications ; for instance, actual measurements, some work in in 
ductive geometry. The course should include the use of alge- 
braic symbols, at least as early as the sixth grade. And there 


should be careful drill to train in speed and accuracy, such drill 
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based on some such de vices as the Courtis tests. In the 


‘ondary school, the graph should be used to introduce simul- 


1eous equations, not left until the very end of the course and 


ed in as a long and cumbersome application to the simul- 


taneous equation already familiar to the students. And some- 


where in the secondary school there should be included a good 


course in inductive geometry. 


four years of work in the secondary school, not, | 


hool to do this mathematics course; that 1s, at least 


think, at all 


necessarily five times a week. Perhaps the ratio should be about 
vo vears and a half for algebra to a year and a half for geom- 
! t throughout the course there should be an abundance of 
geometric application to algebra, and of algebraic application to 


geometl 
1 : ] + } | hou ‘ - + . . > 
In the fourth place, if the mathematics department consists 


pile — i} hich lh le iC} 


more than one teacher, at least one teacher should be a mathe- 


ician whose forward look is naturally to pure mathematics ; 
least one whose forward look is naturally to applied 
hem S 


course planned thus generously along these lines will, [ am 


re, bring results that are well worth the time given it. Facility 


indling the tools of mathematics, skill and power in abstract 
ning of a really difficult sort, developed by the theoretical 


work mentioned before; power to apply later these skills and 


methods to the natural sciences—that is what a school course 


paring for these two requirements will give, if the schools 
will give the mathematicians a chance by allowing sufficient time 
for the work and by paying proper attention to its planning. If 


han this, it aims, it seems 


very much less. Either, it will aim merely at prepara- 


tion for such requirement as the College Entrance Board re- 


irement—a requirement utilitarian, scientific, sound, but from 


int of view of the mathematician lacking the vision, the 


~ 


] 


‘ward look towards higher, pure mathematics that those 


rous proofs demanded by Bryn Mawr College give our stu- 
ts, a glimpse that they enjoy even while they find them dif- 


“11 


‘ult; or, it will aim merely at meeting a requirement such as 


Bryn Mawr requirement—beautiful mathematics, but with- 
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out that connection with the natural sciences that, for so many 


young minds of the concrete type, makes all the difference be- 


tween light and darkness. To accomplish either aim without the 
other is, paradoxically enough, to work too hard and attain too 


e; to do both is practicable, economical of time and energy. 
pecifically, | should advocate omitting certain definite items 


he requirement, not that to do so will save much time, but 


because I think mathematically they are out of place. I should 
omit the proof, not the applications, of the binomial theorem, 
for | think that proof is best given once for all in the college 


urse in connection with permutations and combinations. | 
should omit, possibly, one or two other definite items of proof. 
But the omission or inclusion of these is to my mind really unim- 
portant. The important matter is the generous scope of the 


I 
ining of the mathematics course, and the planning of it as a 
pe 


mathematical unity from the first grade to the twelfth ; 


i) 


T! BALDWIN SCHOOL, 


Bryn Mawr, P 

















THE DUTY OF THE EMPLOYER IN THE RECON- 
STRUCTION OF THE CRIPPLED SOLDIER. 


By Dovucrias C. McMurtrir, 


\We must count on the return from the front of thousands of 


ee ee a on ee . eee 
crippled soldiers. We must plan to give them on their return thi 
; : : : 
vest possible chance for the future 
Dene ence cannot be plac ( monetary co ensation 
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gree and the economic aim of sparing the community tl UT 
of unproductivity on the part of thousands of its best citizens 
} I 


[he movement had its inception with Mayor Edouard Herriot 
of the city of Lyons, France, who found it difficult to reconcile 
the desperate need for labor in the factories and munition works 
while men who had lost an arm or a leg but were otherwise 
strong and well were idling their time in the public squares. H: 
therefore induced the municipal council to open an industrial 
school for war cripples which has proved the example and inspi 
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ration for hundreds of similar schools since founded throughout 
France, Italy, Germany, Great Britain and Canada. 
The disability of some crippled soldiers is no bar to returning 


their former trade, but the injuries of many disqualify them 
from pursuing again their past occupation. The schools of train 
ing prepare these men for some work in which their physical 
handicap will not materially interfere with their production. 

he education of the adult is made up largely of his working 
experience. The groundwork of training in his past occupation 
must under no circumstances be abandoned. The new trade 
must be related to the former one or be, perhaps, an extension or 
specialization of it. For example, a man who had done manual 
work in the building trades may by instruction in architectural 
drafting and the interpretation of plans be fitted for a foreman’s 


job, in which the lack of an arm would not prove of serious 


handicap. A trainman who had lost a leg might wisely be pre- 
pared as a telegrapher, so that he could go back to railroad work, 


with the practice of which he is already familiar. 

\Whatever training is given must be thorough, for an adult 
cannot be sent out to employment on the same basis as a boy 
apprentice. He must be adequately prepared for the work he 1s 
to undertake. 

The one-armed soldier is equipped with working appliances 
which have supplanted the old familiar artificial limb. The new 
appliances are designed with a practical aim only in view; they 
vary according to the trade in which the individual is to engage. 
For example, the appliance for a machinist would be quite dif 
ferent from that with which a wood turner would be provided. 
Some appliances have attached to the stump a chuck in which 
various tools or hooks can interchangeably be held. The wearer 
uses these devices only while at work ; for everings and holidays 
he is provided with a “ dress arm ” which is made in imitation of 
the lost natural member. 

\n important factor in the success of re-educational work is 
an early start, so that the disabled man shall have no chance to go 
out unemployed into the community. In even a short period of 
exposure to the sentimental sympathy of family and friends, his 
“will to work ” is so broken down that it becomes difficult again 
to restore him to a stand of independence and ambition. For this 
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hysical condition admits, and training is actually 
before the patient is out of the hospital. 
readjustment of the crippled soldier to civilian life, his 
employment is a matter of the greatest moment 
he employer | i very definite responsibility 
( lover’s dutv is not entirely obvious. It is, on tl 
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( dl s for four of them in your ware 


\nd Smith. vou ought to place at least a couple in your 


procedure cannot have other than pernicious results. 
first vears of war the spirit of patriotism runs high, but 
nce has shown that men placed on this basis alone find 
ves out of a job after the war has been over several years, 


ifter it has been in progress for a considerable perio 


nd weakness in this method is that a aman who is 


mized by giving him a charity job comes to expect as a right 
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mi-gratuitous support. Such a situation breaks down 


builds up character, and makes the man progressively 


iker rather than a stronger member of the community. We 


uur returned men such injury. 


third difficulty is that such a system does not take into 


nt the man’s future. Casual placement means employment 


in a make-shift job as watchman or elevator operator such 


ild certainly not offer our disabled men except as a last 


or in a job beyond the man, one in which, on the cold- 


d considerations of product and wages, he cannot hold his 


lobs of the first type have for the worker a future of 
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monotony and discouragement. Jobs of the second type are 
frequently disastrous, for in them a man, instead of becoming 
steadily more competent and building up confidence in himself, 
stands still as regards improvement and loses confidence every 
day. When he is dropped or goes to some other employment, 
the. job will have had for him no permanent benefit. 

Twelve men sent to twelve jobs may all be seriously mis- 


laced, while the same twelve placed with thought and 
I | g 


wisdom 
and differently assigned to the same twelve jobs may be ideally 
located. If normal workers requirg expert and careful place- 
ment, crippled candidates for employment require it even more. 

Che positive aspect of the employer’s duty is to find for the 


disabled man a constructive job which he can hold on the basis 


of competency alone. In such a job he can be self-respecting, 
be happy, and look forward to a future. This is the definite 
patriotic duty. It is not so easy of execution as telling a super 


intendent to take care of four men, but there is infinitely more 
satisfaction to the employer in the results, and infinitely greater 
advantage to the employee. And it is entirely practical, even in 
dealing with seriously disabled men. 

A cripple is only debarred by his disability from performing 
certain operations. In the operations which he can perform, the 
disabled man will be just as efficient as his non-handicapped col 
or more so. In the multiplicity of modern industrial 


league, 
processes it is entirely possible to find jobs not requiring th 
lebarred 


For such jobs as they can fill the cripple should be given pref 


operations from which any given type of cripples are « 


Thousands of cripples are now holding important jobs in the 
industrial world. But they are men of exceptional character 
id initiative and have, in general, made their way in spite of 
employers rather than because of them. Too many employers 
are ready to give the cripple alms, but not willing to expend the 
thought necessary to place him in a suitable job. This attitude 
has helped to make many cripples dependent. With our new 
responsibilities to the men disabled in fighting for us, the point 
of view must certainly be changed. What some cripples have 
done, other cripples can do—if only given an even chance. 


The industrial cripple should be considered as well as the 
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military cripple, for in these days of national demand for the 
greatest possible output there should not be left idle any men 
who can be made into productive workers. 

With thoughtful placement effort, many men can be employed 
directly on the basis of their past experience. With the disabled 


the training facilities the government will 


Son | 4 
soldiers who proht Dy 


provide, the task should 
This, then, constitutes the charge of patriotic duty upon the 


be even easier. 


what 


Ldmeses 


lo study the jobs under his jurisdiction to determine 
ily held by cripples. To give the crip- 


es might be satisfactori 
ples preference for these jobs lo consider thoughtfully the 
ip] t of disabled men for employment, bearing in mind 
he importance of utilizing to as great an extent as possible labor 
which would otherwise be unproductive. To do the returned 
S er the honor of offering him real employment, rather than 
proffering him the ignominy of a charity job. 

[f the employer will do tl t will be a great factor in making 
the complete eliminat ) ( he ependent ripple eal nd 











MATHEMATICS OF FINANCIAL PROBLEMS. 
By L. M. Wesster. 


Dr. Davenport, of the University of Illinois, says: “ We have 


entered upon an era of universal education which means the 
education of all sorts of people for all sort of purposes. It 


must not only fit for the so-called learned professions, it must 
also train for the commercial and industrial world.” Dr. Daven 


} 


port has certainly struck the keynote of to-day’s topic. Most 


teachers admit that the pendulum has swung too far to the cul 
tural side and that we must introduce the commercial and indus- 
trial factors, not to the exclusion of the cultural; it is possible to 
have our work broadened to the exclusion of no element. We 
can even emphasize the cultural by bringing the laws of higher 
mathematics into effectual contact with the daily routine of the 
mercantile house. Great colleges and universities record with 
pride the achievements of their graduates. This is but a recog- 
nition that the highest product of their training is the disciplined 
mind at work. While “experience is the best teacher” is an 
adage as true as it is old, statistics show that a mind trained for 
the special line of work to be undertaken is a valuable asset. 
\cknowledging that the Perry plan has some advantages, I still 
hold that the worker in mathematical fields, at least, does more 
efficient work in the ratio of his understanding of the principles 
he is applying. It is only a few years ago that this was recog 
nized by the establishment of commercial high schools and 
courses in colleges and universities dealing even indirectly with 
the problems of great corporations. The value of these courses 
has been demonstrated but we must look to the teacher of finan- 
cial problems to so standardize his work that college faculties 
will allow its full measure of credit. The war has called thou- 
sands. Their posts are being filled by graduates and under- 
graduates who have been obliged to assume responsibility with 
more meagre equipment than their older brothers. I under- 
stand that in one New York City high school the registration is 
1,000 less than it was a year ago. Are these boys ready for the 
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work they are undertaking? Have they been s 
1 apply their mathematics to the problems which will con- 


front them? They have probably taken two years each of 


geometry ; perhaps trigonometry or solid geometry 
they have been preparing for college ; have they learned in th 
ilgebra course that computation of compound interest 1s a prac- 
‘ic series, that present worth is an 
illustration of negative exponents? Can they use the laws of 
logarithms to express the conditions they will meet in the amor 
tization of interest-bearing debts? Do they hold the tool of the 
successive discount formula, can they calculate the present worth 


of a perpetuity, the value of a foreborne annuity, or even the 


annuity that a saving of $1 per week will purchase. I believe 
that the place to derive these formulz and emphasize their ay 


plication to the financial world is the classroom. The time to 
master them is not when, as an employee, curiosity prompts in- 
vestigation of tables. Each one of us would, indeed, feel guilty 
in slighting the Pythagorean formula. We apply it wherever 
whenever we can from the day the student attacks the 
proposition to the hour he completes his calculus, but do we 
teach -uler’s amortization equation? In comparing the two does 
not the latter afford ample opportunity for the mathematical 
gymnastics used in this discussion of series, exponential equa- 
tions, and rates; and is it not of far greater value to the student 
who seeks a position in the financial world? 
more time on graph work. All large cor- 
porations are using this mode of interpretation. Railroads seem 
to cling to the step method; and the straight-line graphs and the 
Ben Day rods are in universal favor. There seems to be no gen- 
eral satisfactory method of graphing three variables. As teach- 
ers of analytics we delight in showing our pupils why the parab- 
ola is called the square root conic and the hyperbola the constant 
product and it is on account of their practical value that we con- 
ler the cissoid and conchoid as milestones. In calculus we 
im to reach as soon as possible maxima minima, or the dis 
cussion of rates. We are sure to use the catenary in our first 
lesson on hyperbolic functions; but are we using to their fullest 
value these tools, legacies of master minds, sharpened by their 
correlation with the other sciences and polished to an immeas- 
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urable fineness by their constant use in pure mathematical fields 
if we are silent about their value in the financial world? 

[ realize what the commercial high schools are doing. I have 
visited classrooms and enjoyed the work. Every problem had 


its practical side. My plea is for the application of college math- 


ematics to the financial problems that are confronting us. It 
will not make our work any the less technical to include appli- 
cations to bond issues .and sinking funds. I think we would 
keep the same high standard and add a new dignity. We would 
establish a means of bringing abstract truths into effectual con- 
tact with daily business. 

Columbia, New York University, Chicago University, and 
many others are offering courses in finance in extension depart- 
ments. The Wall Street Division of New York University 
School of Commerce, Accounts and Finance is in its third year. 
Its growth measures the great development in our financial in- 
stitutions, both as regards numbers and their methods of reach- 
ing the greatest efficiency. The close co-operation between 
education and the problems of the financial world is the keynote 
of the curriculum. The student body includes managers of 
financial departments and clerks seeking advancement. I have 
not been able to learn what proportion of the students are col 
lege graduates to whom a course in higher mathematics applied 
to financial problems would have appealed. 


+ 


The business of the country to-day is war and the great trust 
and banking concerns are meeting the struggle against the odds 
of a greater volume of work, the loss of experienced workers, 
and the blunders of novices. Cannot the colleges help by sup- 
plying men and women who can enter the financial world armed 
with practical technique, those who as students have correlated 
higher mathematics with commercial law. 

Let me give you a few figures. The New York City Clearing 
House passes annually $100,000,000,000. These clearings are 
plotted and distributed each week. In the United States there 
are about 200 clearing houses serving over 2,500 banks which 
employ over 10,000 in the capacity of experts in financial lines. 

Again graphs of déposits, resources, commodity prices, ab- 
sorption of capital, velocity of absorption of money and thou- 
sands of other conditions are published weekly. Many college 
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have entered this field within the past three years and 
That the business world is ready 


room for many more. 
ith the colleges there is no doubt. 


tSamsigs 3 


to co-operate Ww 
istics show that the college-bred man goes up the ladder 


otati 
with much more rapid strides than his fellow worker who climbs 
But, ought not a college graduate to have the 
dvanced position in the financial field just as 
technical school has for his life work? In 
financial mathematics 


nce. 
sive course in 
time to standardize such a course? 
stitutions and individuals for help 
is efficiency in 
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REPORT OF THE COMMITTEE ON ELEMENTARY- 
SCHOOL MATHEMATICS, OF THE ASSOCIA- 
TION OF MATHEMATICS TEACHERS 
OF THE MIDDLE STATES AND 
MARYLAND. 


Your Committee on Elementary-School Mathematics is again 
under the painful necessity of dashing to-earth any hopes and 
expectations which may have arisen from the announcement in 
the program looking forward to a final report. 

If there is any one thing which the work of this committee 
lacks, it is finality. The best we can do at this time is to present 
for your consideration certain tentative recommendations in the 
hope that still further light may be shed upon our difficult prob 
lem, and that the members of the Society may devote a modicum 
of time and attention to its consideration. 

Let it be stated at once that we are not prepared to lay down 
a definite program or set forth an ideal curriculum. Our inves- 
tigations have brought to light many widely varying opinions 
which were dependent on local conditions in general and upon 
administrative questions in particular. We feel that a syllabus, 
such as we might outline at this time, would be highly artificial 
and nowhere generally acceptable. 

The trend of mathematical pedagogics for the past decade 
has taken two directions which, at first thought, seem contrary: 
these are (1) a demand for greater rigidity and clarity in def- 
inition and development of the fundamental processes. (2) A 
search for more numerous points of contact between the world 
of logic and the world of experience. The immediate result has 
been an apparent division of our forces into opposing camps. It 
should be noted at once that there is no really essential contra- 
diction involved in these two distinct aims; provided only that 
the antique doctrine of immediate intuition of fundamentals is 
abandoned; a question which it is not within our province to 
consider. But what is inescapably involved is a careful and pro- 
longed study on the part of teachers as to the relative degree of 
refinement of process suitable for classroom purposes under 
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varying conditions, and the relative extent to which, in our teach- 


ing, application should be made of mathematical processes to 


actual concrete tacts. This matter is one which it is well nigh 
impossible to dogmatize about. The best solution seems to lie 
in the direction of a minimum syllabus of essentials, allowing 


the widest liberty of choice of applications, depending upon local 
iso giving due regard to individual and local 
differences in degree of recognition of the demands of logical 
accuracy. In reference to the last mentioned, it may well appear 


1 ; ‘ , . 
aemonstration or solution, torm a con- 
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tinuous class, which is simply is morphic with a concrete in- 


S ce ind ti » ~ f ( \ pertect iS State 1 vel th 
Euclid rocesses of logic, strict as they are, are capable of 


Che moral of which is that we are not justified in expecting 
from our students either in elementary school or in high school 


that they attain a fixed standard of logical precision, Euclidean 


in geometry, or Robinsonian in arithmetic. It is the fear of 
violation of Euclidean (or Wentworthian) standards of process 
which has kept geometry out of the elementary schools. Teach- 
rs | . failed to distinguish 1 en the sionificance of errar 
ers Nave failed to distinguish between the significance of error 
in conclusion and that of incompleteness in process. Both are 
regarded as delinquencies and equally culpable. At the outset, 
thet _— £ a! + had - on . 4 main , . and J» “2270 
tnen, we may sdtely assert that degrees of accuracy and degrees 
f completeness should be recognized and carefully distin- 


guished by teacher and pupil alike. 
lo illustrate: It should appear that the results of a financial 
transaction must be accurate to the last cent, but no further: but 
ind correct to a ten thousandths of a square inch the 
amount of tin needed for a cylindrical bucket is highly absurd. 
So it is absurd to expect from a fourth-grade pupil any form of 
proof” of the rule for division of fractions, or of a high-school 


1.1 


\ 
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pupil (except poss! uy In the Ttourtn yeal a proo Dy the so 


called method of limits; but it is equally a source of discord 
between elementary-school and high-school mathematics for the 
elementary-school student to escape entirely the demand for 
fairly careful abstract reasoning. 

The tendency in elementary schools for the past two decades 


seems to have been away from all abstractions. In their effort 
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to make the arithmetic applicable, the elementary-school au- 


thorities seem to have limited the arithmetic to consideration of 
concrete magnitude. This doubles the difficulty encountered by 
the student upon entering high school. In most cases, not only 
er a new notation, but he must also comprehend 
the significance of general truths in mathematics. What teacher 
has not found the statement of a troublesome principle made 
perfectly clear by the insertion of the word “ dollars” at certain 
convenient points? Any abstract principle is, by its very nature, 


removed trom the particular concrete setting which gave it 


birth. It requires to be memegrized carefully, and its general 
character emphasized by a large variety of illustrations. This 
process must begin early, and should never be lost sight of 


uring the student’s entire mathematical experience 

There has been unquestionably a decline in the quality and 
scope of mathematical instruction in the elementary schools 
during the past quarter century. It is not our purpose to lay the 
blame for this, if such it is, upon any one in particular. The 
question is lost in the more general problem of overcrowded 
curricula. There is little doubt that the arithmetic of our fathers 
has been elbowed out by the study of history and English. But 
this may have been necessary. Under existing conditions it 1s 


of doubtful value to urge that a very large share of the child’s 


me and attention be given to mathematics in the elementary 
school. And just here we encounter a difficulty which makes it 


possible to draw final conclusions at this time. 

Other elementary-school studies, particularly English, are con- 
cerned chiefly with the student’s immediate environment. Math- 
ematics involves training in a field which is largely foreign to 
his daily experience. To just this extent it is forced upon him. 
We should not, of course, lose sight of the appeal which manipu- 
lation of number symbols.and other symbols makes to the im- 
agination. But this is admittedly small in comparison with the 
emands of physical necessity, or the desire for self-expression. 
We teachers of mathematics are looking to the future of our 
pupils. Our science and art are primarily instrumentalities for 
which they do not instinctively recognize a need. This places 
our subjects in the category called “ disciplinary,” assuming this 
term to signify “ directed toward an end not immediately present 


~ 
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to the consciousness of the pupil.” Twenty-five years ago all 
schooling was largely disciplinary in this sense. At present 
much of it is anything but that. Ideals and modes of discipline 
are out of fashion (or were until eight months or so ago). It 
is unnecessary to justify this statement. One need only to state 
that while the aim of modern educational method is self-expres- 
sive, the ideal of discipline is self-repressive. 

The natural result of this change of ideal was, as we all re- 
call, a perfect orgy of inaccuracy and carelessness. Self-expres- 
sion reached the point where much was expressed that might 
better have been left concealed. The results are seen to day, not 
only in our own particular field, but in the daily press and in 
certain prevailing modes of fashion. ‘ Educators” who had 
bombarded the teaching forces with “ methods of de- 


sé 


velopment ” and “inductive plans”’ were not slow to sense this 


danger. But their sole remedy seems thus far to have been 
found in incessant drill in the fundamental operations of num- 
bers. This has reached the point where tests in computation are 
+ 7 


standardized, and progress is determined by these standards. 


If the whole of the arithmetic of the earlier generation were 


covered in this fashion, the process would require fifteen or 
twenty years, at least. So naturally the next stage in this in- 


teresting evolution is reached by a most extended, list.of omis; 
sions. In a recently issued state report, it was .recommended 
that, except for decimals, the only fractions taught in the ele- 
mentary school should be halves, fourths, eighths and sixteenths, 
with thirty-seconds for the brighter pupils. In many schools 
square root, proportion, greatest common divisor, lowest com-, 
mon multiple, numerical factors, circular measure and‘ thé fap; 
es of multiplication, division and fractions ar¢ 
not taught at all! Small wonder that in high school we find it 
difficult to extend these topics into the field of negative number 
and literal expression 

The remedy for existing conditions is not easy to find. It 
cannot be reduced to a few well-chosen sentences. But it prob- 
ably lies along certain lines of action which at least are not 
mutually inconsistent. 

(a) Accuracy should be sought not by endless repetition, but 
by a return in some degree to disciplinary methods in beginning 


arithmetic. 
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(6) Immediate interest as affording the teacher a mode of 


attack must to some extent give way to emphasis upon the 1m- 
portance of general principles. 

(c) Percentage and its applications should be dethroned as 
the be-all and end-all of the higher elementary grades. The fact 
of its widespread use in commercial transactions should not 
overshadow its comparatively minor mathematical significance, 
but should be considered as one aspect of the problem of voca- 
tional training. Incidentally it may be noted that such training, 
to be a success, can hardly be expected to end with the eighth 
school year. If anywhere short of a complete high-school 


course, 1t can hardly be completed within a total of ten years. 


This leaves time for a thorough course in Commercial Arith 
metic in the ninth year for those whose vocational choice is com- 
merce, rather than, say, housekeeping, or aviation. 

(d) Between the elementary arithmetic and the orthodox 
course in secondary algebra there should be given a distinct 
course in mathematics. The question of the make-up of this 
course might well be referred to a committee with instructions 
to report in six years. Let us devote a few minutes to the con- 
sideration of the present status of this part of the main problem. 

We may as well understand at the outset that certain geomet- 
tical facts and certain algebraic relations of quantity are of as 
much impoztarice: mathematically, psychologically and practically, 
as is trade discount to the third remove, or the ultimate partiality 
of partial payments. Of these, sequence, direction, symmetry, 
congruence, similarity, area, average and transformation in gen- 
era} may be specified. There is also the important concept of 
definite magnitude independent of its numerical measure—of 
such’ a character that the measure depends equally upon the 
magnitude and upon the unit. These concepts are for the most 
part left without explicit enunciation until the conclusion of the 
high-school course, or omitted entirely. They seem to belong 
in the elementary course. Here they should be based neither 
upon purely empirical nor purely rational processes, but upon a 
wise combination of the two, in glorious disregard of Euclidean 
type forms. 

The question of negative number demands our attention. It 
may well be that our problem would be greatly simplified by a 
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postponement of this topic to the period of formal algebra. Ap- 


parently much of our difficulty lies here. We have from the 


outset employed the mechanism of negative number in our alge- 


f 


he exclusion of its significance. In so doing 
| 


we have given the algebra an artificial character which it ought 


not posses [his concept is difficult enough in its simplest 
forms. In the form in which it appears, it passes entirely be- 


the powers of realization of the student. It may well be 


that it stands in the way of his appreciation of the meaning of 
other equally important mathematical principles. The Greeks, 
to say the least, got on very well without it. 
! cl course, the principles of arithmetic may well be 
brougl » clear relief. At the same time the value of literal 
| yebraic symbolism may be set forth with vigor and 
effect. [emphasis would naturally be placed upon the derivation 


and evaluation of formule, and ultimately upon various trans- 


[he problem of relative value of respective fields of applica- 
tion demands exhaustive study. In the past, as has been said, 
methods of commerce and exchange have displaced other con- 
siderations in the elementary curriculum. All admit the need 
of a change in this regard—but to what? The very difficult 
question of differentiating groups of pupils along vocational 
lines is encountered here. So many administrative problems 
are involved that it seems impracticable to offer definite recom- 
mendations at this time. The synthesis of applied problems 
must depend upon group analysis of detailed demands of the 
various vocations. It is possible, however, that a mathematical 
study of these demands may be of value in the work of voca- 
tional guidance 

At the time of the appointment of this committee, reference 
was made to the curriculum of the junior high school. The or- 
ganization of these schools is primarily an administrative ques- 
tion. It would be most unfortunate if the reform of elementary- 
school mathematics were postponed until these schools shall be 
organized throughout the country. There is no essential reason 
for discriminating between the work of a teacher with a class in 
a junior high school, and the work of the same teacher teaching 


the same class at the same school age in an elementary school: 
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nor is there any apparent reason why the work of the seventh 
and eighth elementary grades should not, under existing con- 
ditions, be to some extent departmentalized. So much has been 
said in favor of the organization of the seventh, eighth and ninth 
years into an administrative unit that endorsement of the junior 
high-school plan would be superfluous at this time. It is suf- 
ficient that emphasis be placed upon the maintenance of con- 
tinuity throughout the mathematics of the entire school course. 

In conclusion, we would respectfully submit to our friends 
who are psychologically minded the desirability of a study of 
progressive standards of intricacy of abstract process, and of 
the power of generalization, as well as of accuracy. 

William James has set the aim of philosophy as the ability to 
know a good man when one sees him. It may well be one aim 
of a properly ordered mathematical course to know a mathe- 
matical principle when one sees it. Is it too much to hope that 
a sound mathematical training may aid our boys and girls in 
recognizing a moral principle when they see it? 

GeorGE B. GERMANN, 
Howarp F. Hart, 
AGNES LONG, 

Joun H. MINNICK, 
C. P. Scoporta, 


HARRISON E. Wess, Chairman. 














A GEOMETRIC REPRESENTATION.* 
By E. D. Roe, Jr. 


S 1. INTRODUCTION. 


In order to visualize the complex values of y, when such exist, 
of a plane curve y=f(.+x), or a surface y= f(+, 2), and also 
for the purpose of representing some real curves in space by a 
gle independent equation in # and y, I adjoin an ordinary 
complex plane, perpendicular to the x axis of the real xy plane, 
with its real axis parallel to the y axis, in fact always in the real 
plane and with its origin in the axis of x, so that the complex 


plane slides along always perpendicular to the + axis, OX, and 


at distance x» from O the origin of the sy plane, as x changes. 
By this representation the equation of every curve or surface 
has an actual and uninterrupted locus from — «x to + o, in- 
cluding the usual real locus of y= f(+) or y—f(4*, 2), and some 


real curves in space can be represented by a single independent 
equation between two variables x and V. I prefer this method 
to that of projection used by Phillips and Beebe and others, be- 
cause that method shows both the real curve and the complex 
portion in the same (real) plane and intersecting in points in 
which they do not intersect. Moreover, projection on a plane 
would be of no use in the case of surfaces. Projection on a 

xed plane perpendicular to the + axis in case the complex 
curves lie on a cylinder whose axis is parallel to OX would not 
give a one-to-one correspondence and hence is not always avail- 
ble. The reason why we do not ordinarily get the complete 
locus, that is, the usual real and complex portion taken together, 
at we have arbitrarily shut out the complex portion by the 
(usual real) kind of representation that we have chosen to use. 
While forms of representation for the complex portions of 
curves are known, it is believed that the method here used of 
representing surfaces and of visualizing the portions of their 
complex loci is new, as well as the representation of certain real 

* Presented at meetings of the American Mathematical Society, 28 
October, 1916, and 5 September, 1917. 
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curves in space by a single independent equation between + 


and y. 

It is easily seen that the complete locus of the equation 
av? + y? =a? is, in addition to the circle, an equilateral hyperbola 
1?— y?=a® touching the circle at (+a, 0) but turned out of 
the real plane through an angle of 90° about OX. The im- 


aginary asymptotes +?-+-y*= 0, of the circle, are the actual 
asymptotes of the equilateral hyperbola and lie in its plane and 
pass through the real point (0, 0), of the real plane. Similarly 


x?— y*==a* has for its complex locus the circle +? + y? =a? 
turned through 90°. In fact +? + y?=— a? and +*—y?—<a? are 
complementary to each other when one is turned through an 
angle of go°. Ina similar way 
rs e 4 
oe se = sal 
a~ D ( ) 
are complementary. Complementary to y?= 2m-x is a congruent 
parabola turned through 90° about OX and 180° about OY, 
and touching the former at (0, 0). The cissoid 
ry i. : 
y= and y’= 
. 2a—x : x — 2a 


are similarly complementary in the same way, cusp touching 
cusp point on at a common tangent. Likewise the lemniscate 
(41? + y?)?==a?(#?—y?) and the curve (+*7— y?)?=a*(#*+ 17) 
are complementaries when one is turned through 90° about OX. 
They touch at (a, 0). 

The complex values of y as function of x have in general a 
different geometric representation from the complex values of + 
as function of y. This means only that the impossibility of 
being in the real plane exists in different ways along the two 
axes. In the case of some functions there is only one represen- 
tation, no impossibility existing in the other direction. In the 
case of others the representation is of the same kind in both 
directions; y is the same function of x that x is of y. We con- 
sider the representation of y as function of x in this paper. If 
we consider complex representations in both directions “ com- 
plete locus” will be accordingly enlarged. In the above illus- 
trations we considered only the complete locus of y as function 








= 
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of x. For surfaces analogous statements hold. In this paper it 
is shown how to obtain the equation of any surface in a form 
adapted to this representation, the equation of a family of spirals 


of the surface on which a family of 


on a surtace, the equatt 


spirals lies, and the length of an are on a spiral, with illustra- 
tions. Next the application of the representation to the inves- 
| the function y xt1(4—1)7)} , brought to 
my attention by Professor F. W. Very, and for which a graph 
was required, forms the major part of the paper. The special 
properties, the value systems with their sequence and contiguity, 


nd the spiral systems of the function are considered in detail. 
2, THe EQUATION OF A SURFACE ADAPTED TO THIS 
REPRESENTATION, 


In rectangular co-ordinates the equation of the surface is 








t (4, ¥, 3 Oo. y and z are the real and purely imaginary parts 
of the complex y represented in $1. The equation of the surface 
in this 1 resentation is yier* 
B* ) ( ee d))? + (F, (4, @) )* 
where 
\ ij { @ ) S ja (1, d) 
y +1 
rt, 
FT 
OL X +} 
—1 
Fic. 1 Fic. 2 
b is the angle from the plane XOY to the plane XOP, Fig. 1; it is 
the amplitude or argument of the complex y of our representation. 


¢@ and x are independent variables. z -ytan¢, and y= <sctnd¢. 


F, (x, $) is found by solving f(x, y, y tan¢)=o0 for y, F,(x, ) 
by solving f(#, ¢ctnd, z)=o for s. The case where these solu- 
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tions are algebraically or practically impossible is left for con- 
sideration in a future paper. 


The equation of the surface is 
then 
y=((F, (4%, &))?+(F.(4, $))?)4e%! (1) 
and it is seen that the locus exists from +r—=— % to r== @. 
Examples. 
1. The equation of the ellipsoid 
- 4 
- S- -} = I, 
a 0 ( 
is 
age I I bj 
ies) wo cel — es ett 
a* c- + b* tan* @ c* Ci” 6 @ a « 
>) 
= R x. e?'. 
2. The equation of the bi-parted hyperboloid 
tom I 
a- 0 ( 
1s 
‘ I I 
1 hy — |] - én . r s 
a- c+ otan-d@ cctn’ d+ 
(3 
S v, de hi 
3. From examples 1 and 2 we note $ =ik, R —iS. From 
these examples follow easily the representation of the complete 
ellipsoid and the complete bi-parted hyperboloid. For the 
ellipsoid y=R(+x, $)e®' when |x) >/\a\ the equation becomes 
y==iS (x, p)e®*=S(x, )e'**s', and for the bi-parted hyper- 
boloid S(+, ¢)e®i—when |r 
form 


a, the equation takes the 


y=1R(4, )e* 
Since y=S(x, $)e+>)! is the bi-parted hyperboloid (where 
each y has an amplitude ¢ + — instead of ¢) turned through 90° 
about OX, and in the same manner y=R(x, d)e‘?+”# is the 
ellipsoid turned through go°, it is shown that the ellipsoid has 
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for its complex portion a bi-parted hyperboloid in a space turned 
through go° about OX, and that the bi-parted hyperboloid has 
an ellipsoid turned through 90° for its complex part. It is not 
to be supposed that the interpretations for the complex portions 
of all surfaces will be as simple as these or that all the ordinates 


together will be turned through 9o 


$3. SPIRALS ON THE SURFACE f (4, y, 2)==0. 


We have seen in §2 that the equation of the surface 


f(x, vy, 2)—0 is in our re presentation 
\ ((F,(x, d))? + (F.( x, 6) )?)4e% 


If now in the place of @ we substitute a function of x, f(x), we 
shall evidently have the equation of a line on the surface ex- 


pressed by the single independent equation in x and y, 


for as x increases, f(.1) either (1) increases, (2) decreases, or 


(1) If x increases, the amplitude f(.*) increases, the point 
P==(.x, y) continually winds around the surface tracing a right- 


handed spiral when viewed from O looking towards OX. 


(2) If f(x) decreases, the spiral is left-handed. 


(3) If f(#) is constant, the spiral degenerates into the inter- 
section of the surface by a plane embracing OX. 
If f(a) increases for a while and then decreases, the spiral is 


right-handed for a while and then reverses and goes on as a 
left-handed spiral. If f(x sin kx, the spiral can be made to 
be a fluctuating wabbly curve on the surface varying in shape 


cording to the value taken for k. 


Examples. 


1. A spiral on the ellipsoid 


has the equation 
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and when « reaches the values + a, the spiral does not stop but 
goes on to the complementary bi-parted hyperboloid and goes 
to infinity on its surface. 

2. Similarly the spiral 


y= S(+, f(*£) el (6) 


on the bi-parted hyperboloid goes on the surface of the com- 


plementary ellipsoid between +x -a and «=a. 
3. If a= in example I, § 2, 
, I I d 
ld 9 rT "ies er : 7S eae 7 
c+ 6* tan’ @ c-ctn? dé + 0 


the equation of an elliptic cylinder whose axis is OX, and whose 
semi-axes are bandc. If b=c—=a, 

04 (8) 
the equation of a circular cylinder, as could have been written 
down directly without this derivation. The equation of a spiral 
on the elliptic cylinder whose axis is OX and whose semi-axes 


are a and J is 


: I I ; 
yY = 20 — - —- — — ; - e Q) 
a*+ btan* f(x)  a®ctn’ f(x) + 0", 
and the equation of a spiral on a circular cylinder is 
y = ae! (et (10) 
and as a special case of the last the equation of the helix is 


y= ae**", (11) 


To be continued. 
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Infinitesimal Calculus. By F. S. Carry. New York: Longmans, Green 





and Company. Section II. Pp. 221. Price $3.00 

rhe first section of this work, which was reviewed in an earlier issue 
c] 1 wit ( iter XI this sect begins with ( ter XII. o1 
( ( 1 and hyperbolic functions, inverse circular and hyperbolic 
functions. Chapter XIII. treats of the motion of a particle along an axis 
ind ¢ t XI\ f finite integrals and some general theorems. The 
six remaining chapters deal with polar co-ordinates, curvature, partial 
differentiation, double integration, expansion in power series, curve 
tracing, envelopes, evolutes, roulettes, differential equations, graphics and 


The Geometrical Sections of Isaac Barrow. Translated with Notes by 
J. M. Cun Chicago: The Open Court Publishing Company. Pp. 


& i 
18 Pr S12 
+ -+ r } ] ' + | +1 
he first surprise for the reader of s book will be the opening 
paragraph which is “Isaac Barrow was the first inventor of the Infini- 
tesimal Calculus; Newton got the main idea of it from Barrow by per- 


sonal communication; and Leibnitz also was in some measure indebted to 





Barrow’s work, obta confirmation of his own original ideas, and 
tior r thei ier development, from the copy of Barrow’s 
book that he purchased in 1673.’ The second surprise will ibly be 
when he finds how convincing the facts are 
The volume is number 3 of the Of Court Classics of Scie md 
Phil phy and contains a portrait of the author. The translation is 
from a first edition copy and contains much added material in the intro- 
| t and notes 


Contributions to the Founding of the Theory of Transfinite Numbers. By 
Georc CAnTor. Translated and provided with an Introduction and 


Notes by Pup E. B. Jourparn. Chicago: The Open Court Pub- 


lishing Co. Pp. 211. Price $1.25 net 


This is t 


le first number in the Open Court Classics of Sctence and 


Philosophy and besides Cantor’s two classic memoir§ contains a very 
illuminating introduction by Mr. Jourdain. It should prove of great 


value as an introduction to the study of the subject. 

William Oughtred. A Great Seventeenth-Century Teacher of Mathe- 
matics. By Friortan Cayort. Chicago: The Open Court Publishing 
Co. Pp. 100. Price $1.00 net 
Oughtred was not a mathematics teacher but, like many another 


Englishman, he was a minister of the gospel who was much interested 
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in the subject, and those who would know his influence on latter develop- 
ments in the field of mathematics will do well to read this volume. 


The Philosophy of Mathematics. By J. B. SHaw. Chicago: The Open 
Court Publishing Co. Pp. 206 


The author of this volume aims to reach those readers who have had 
just an ordinary college training in mathematics and the more difficult 
parts of the philosophy have therefore been omitted. Such students 
seldom have any adequate conception of the real fundamentals of mathe- 
matics either as to what it is or what it aims to do. Such a work as this 


volume should do much to improve this condition. 


Principles of Secondary Education. By ALEXANDER INGLIs. Boston: 

Houghton, Mifflin Company. Pp. 741. Price $2.75 net. 

This is without doubt one of the most important of recent books on 
education. The author has shown excellent judgment in bringing to- 
gether the consensus of prevailing thought on educational topics, and it 
both 


18 


comprehensive and scholarly as well as in clear language. 


Every teacher will gain much from reading it. 


Junior High School Mathematics, Second Course. By Wittitam LepLey 
VossurG and FrepeRIcCK WILLIAM GENTLEMAN. New York: The Mac 
millan Company. Pp. x + 212. Price go cents. 

This is an eighth-grade book, including arithmetic, geometric men- 


suration, and an introduction to algebra through the use of equations. 





It follows much the same idea as the First Course, which was reviewed 


Olt i 


in an earlier issue, emphasizing the useful side of arithmetic and avoid- 


] 


ing needless complication and discarded topics. 


Plane and Spherical Trigonometry. By Lronarp M. Passano. New 
York: The Macmillan Co. Pp. xv + 141. 
The author has written a concise, yet easily used book. It is logically 
arranged, and, while giving plenty of material for practice, leaves the 


yression of being short. 


Elements of Trigonometry, with Tables. By W. C. Brenxe. New York: 

The Century Co. Pp. vi+ 160. 

This book contains, in revised form, the chapters on plane and spherical 
trigonometry from the author’s text-book on “ Advanced Algebra and 
Trigonometry.” It covers the usual topics, with a chapter on polar 
coordinates, complex numbers, hyperbolic functions, etc., and seems es- 
pecially fitted to students in technical schools. 

An interesting device is the giving of answers for all odd numbered 


exercises, allowing their use as desired. 
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Advanced Algebra. By W.C. Brenxe. New York: The Century Co. Pp. 
Vil -+- 190 
This text contains, in revised form, the work on algebra from the 
author’s book on “ Advanced Algebra and Trigonometry.” It reviews 
the more immediately useful parts of secondary algebra and adds the 
usual topics of the freshman course. Graphic methods are emphasized, 


1¢ book is so written that considerable latitude is left to the teacher 


and tl 


As a whole it seems very usable. 


Scientific Method in the Reconstruction of Ninth Grade Mathematics. By 
H. O. RuGe and J. R. Crarx. Chicago: The University of Chicago 
Press. Pp. 180. Price $1.00 + postage 
Chis the first number of the second volume of the Supplementary 


Educational Monographs published in connection with The School Re- 


view and the Elementary School Journal. It should be in the hands of 
< rv teache tf eco! lar ! thematics ind of those respons le to 
the course of stud is it gives a thorough and valuable discussion of its 
S ect 

The data on the most frequent types of errors and the use of timed 
ractice tesist diagnose and correct such errors, and on the uses for the 
Val st 5 first-year algebra are especially timely. 


Community Leaflets. Published by the Bureau of Education. Price five 
» one cent each, according to number ordered 


No. 13. Lesson A-16. Caste in India. 


No. 14. Lesson B-17. The Development of a System of Laws 

No. 1 Lesson C-17. Custom as a Basis of Law. 

No. 16. Lesson A-20. Private Control of Industry 

N 17. Less B-21 National Standards and _ the jureau of 
ot dar« 


No. 18 Lesson C-21 Before Coins Were Made. 

No. 19. Lesson A-24. Concentration of Population in Great Cities. 
No. 20. Lesson B-24. Building the Industrial City of Gary 
N 


.O. 21 Lesson C-25. A Seaport as a Center of Concentration of 
Px lat 1 Wealth 


Community Arithmetic. By Brene_te Hunt New York: American 


Book Company. Pp. viii + 277. 


rhis book takes up a wide range of applications of arithmetic, showing 

ral ) | 7 » 1 ‘a hl a . ) ] 
the needs for different processes, and developing them as necessary. It 
Imost be called a text on industries considered from the mathe- 
matical side. The book is fitted for Junior High School or Upper Ele- 


mentary Grades, when only arithmetic is wanted. 


might a 


An Introduction to Science. By Bertua M. CLtarkK. New York: The 
American Book Co. Pp. 494. 
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Laboratory Manual. By the same author. Pp. 203. 

The text and manual together form the basis for a course in general 
science for high schools. The manual is in loose leaf form, and pro- 
vides space for the pupils to answer questions concerning the experiment 

The course is a broad one, covering one hundred experiments in 
physics, chemistry, and biology. These experiments are well chosen 
from the standpoint of arousing interest, of meeting life needs, and of 


1 “41 1 


being within the ability of the children 


The Cadet Manual. By Major E. Z. Steever III, U. S. A., and Major 
J. L. Frinx, U. S. A. Official Handbook H. S. V. U.S. Pl 


J. B. Lippincott Co. Pp. xxx1i +- 317. 








iladelphia : 


A most complete and usable book founded on the “ Steever Plan,” 
used so successfully in the high schools of Wyoming. It includes drill, 


use of the rifle, physical training, wall scaling, etc., besides full directions 


for installing the system in high schools. 


Elementary Algebra. By Ermer A. LyMAN and A Lpertus DARNELI 

New York: The American Book Co. Pp. vii 303. Price $1.32. 

This algebra approaches the subject through simple abstract work, with 
some problems brought into the earlier topics. It carries the subject 
through intermediate algebra and logarithms, omitting formidable com- 
plexities and giving ample practice, both oral and written, in the im- 


portant processes. Problems are not stressed as much as in some of the 


other recent books. 


Regents’ Original Exercises in Plane Geometry. By Earte B. Et_more. 
Syracuse: C. W. Bardeen. 84 pp. 


\ compilation of original exercises in Plane Geometry given by the 
N. Y. State Board of Regents in the examinations of the past twenty 


years. The problems are classified under the last theorem necessary to 


complete the proof. This book should be a valuable aid to all teachers 
of geometry and especially useful in New York State. The low price of 
25 cents places it within the reach of every pupil 
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Miss Nellie Mason, 41 Deerfield St., Buffalo, N. Y. 
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